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We p r o v e  a g e n e r a l  t h e o r e m  on the n a t u r e  of the i n t e r r e l a t i o n s h i p  be tween  f lows g e n e r a t e d  
by a s i ng l e  f o r c e .  

The r e s u l t s  [1] d e r i v e d  e a r l i e r  wi th  r e s p e c t  to the i n t e r r e l a t i o n s h i p  be tween  v a r i o u s  p r o c e s s e s  in a 
conduc t ing  s y s t e m  a r e  g e n e r a l i z e d  h e r e  fo r  the  c a s e  of an a r b i t r a r y  n u m b e r  of c o - c u r r e n t  f lows [1]. F o r  
the s ake  of c o n v e n i e n c e  in d e a l i n g  with the m a t e r i a l ,  we wi l l  e x a m i n e  on ly  a d i s c r e t e  s y s t e m ;  h o w e v e r ,  a l l  
s u b s e q u e n t  c o n s i d e r a t i o n s  m a y  be  a p p r o p r i a t e l y  r e f e r r e d  to a con t inuous  s y s t e m .  

We wi l l  p r o c e e d  f r o m  the s t a t e m e n t s  of n o n e q u i l i b r i u m  t h e r m o d y n a m i c s .  Adop t ing  the usua l  no ta t ion ,  
we wi l l  w r i t e  the  l i n e a r  r e l a t i o n s h i p  and the e x p r e s s i o n  fo r  the p e r - s e c o n d  i n c r e m e n t  in e n t h a l p y  in the fol -  
lowing  f o r m :  

t t  

J~ ~L~jX~ (i = 1, 2 . . . . .  n), (1) 
1 = !  

n 

(~ = ~ JiXi. (2) 
i ~ l  

If the f lows and f o r c e s  o p e r a t i v e  in (1) a r e  i ndependen t  (any o t h e r  c a s e  can be r e d u c e d  to th i s  c a s e ) ,  a c c o r d -  
ing  to the g e n e r a l  t h e o r y  [2] we then have  

L ~  L23 �9 �9 �9 L 2 .  

L3~ Laa �9 . : L 3 .  

f L~j i~ = ~ o. 

Ln2 L,3 . . . L , ,  

We can  t h e r e f o r e  e x p r e s s  J1 in t e r m s  of X 1 and a l l  of the r e m a i n i n g  f lows a r e  given by 
tt 

Jl = • -4- Z QIJ~, (3) 
i = 2  

w h e r e  n and Qi a r e  c e r t a i n  func t ions  of the  p h e n o m e a o l o g i c a l  c o e f f i c i e n t s ;  Q i J i  e x p r e s s e s  the f r a c t i o n  added  
to the  m a g n i t u d e  of the  flow J1 by the f low J i  o v e r  and above  the v a l u e s  g e n e r a t e d  d i r e c t l y  by the f o r c e  X1; 

~ Q i J i  r e p r e s e n t s  the  t o t a l  add i t i on  to J1 by  the e n t i r e  s e t  of f lows J2, J3 . . . . .  Jn- If X 1 r 0, and X 2 = X 3 
i = 2  

= . . .  = X n = 0, J1 is  the  m a i n  flow, wi th  the  r e m a i n i n g  f lows r e p r e s e n t i n g  the c o - c u r r e n t  f lows.  

Le t  us now c o m p a r e  two d i s c r e t e  s y s t e m s  with  v a r i o u s  m a t r i c e s  of p h e n o m e n o l o g i c a l  c o e f f i c i e n t s ,  but  
wi th  i d e n t i c a l  v a l u e s  of n .  When the f o r c e  X 1 i s  a c t i n g  in one of t h e s e  s y s t e m s  and g e n e r a t e s  only  the  m a i n  
flow JII ,  and  if  in the s e c o n d  s y s t e m ,  in add i t i on  to  the  m a i n  flow JffI, we have  the c o - c u r r e n t  f lows,  then  

J ln  > Jm (4) 

Th i s  c o n f i r m s  tha t  the  v e r y  a p p e a r a n c e  of the s e t  of c o - c u r r e n t  f lows s e r v e s  to e n l a r g e  the m a i n  flow. 

We wi l l  p r o v e  the v a l i d i t y  of i n e q u a l i t y  (4). With  th i s  p u r p o s e  in mind ,  l e t  us e x a m i n e  two s t a t e s  of 
the  s e c o n d  s y s t e m ,  in one of which  only  the  f o r c e  X 1 i s  e f f e c t i ve ,  whi le  in the s e c o n d  to tha t  f o r c e  we add 
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the  f o r c e s X 2 ,  X3, . . . , X  n s u c h t h a t J z = J 3  = .  �9 �9 = J n = 0 .  It is  a l w a y s  p o s s i b l e  to c h o o s e  such  f o r c e s ,  
s i n c e  Lij  ~ ~ 0. 

Le t  J]II  be the  J t  flow in the  s e c o n d  s t a t e .  Then,  a c c o r d i n g  to (3), we have  

JlI = ] i I I .  (5 7 

We can app ly  the  P r i g o g i n e  g e n e r a l  t h e o r e m  on the m i n i m u m  p e r - s e c o n d  i n c r e m e n t  in e n t r o p y  [3, 4] to the 
s t a t e  of the  s e c o n d  s y s t e m  (which we a r e  e x a m i n i n g  h e r e ) .  The cond i t i ons  of i t s  a p p l i c a b i l i t y  a r e  s a t i s f i e d  
b e c a u s e  X~ is  c o n s t a n t  fo r  t h e s e  s t a t e s  and in one of t h e s e  the f lows J2, J3 . . . . .  Jn d i s a p p e a r .  If (rii and 
(r~i c o r r e s p o n d  to the f i r s t  and s e c o n d  s t a t e s ,  we have  

~I~ > '@ (6) 

It fo l lows f r o m  (2) tha t  

a~I = YiImXi' (7) 

IJII = JiII Xt, (8) 

s i n c e  in the  f i r s t  c a s e  a l l  of the  f lows with the  excep t ion  of J1 a r e  equa l  to 0, whi le  in the s e c o n d  c a s e  a l l  of 
the f o r c e s  with the  e x c e p t i o n  of X~ van i sh .  C o m p a r i n g  (8), (7), (6), and (5), we d e r i v e  (4). 

Le t  us c l a r i f y  the p r o v e d  s t a t e m e n t  wi th  a s i m p l e  e x a m p l e .  F o r  s y s t e m  II we wi l l  c h o o s e  the m e m -  
b r a n e  s e p a r a t i n g  a m u l t i c o m p o n e n t  f lowing m e d i u m  into two h o m o g e n e o u s  p a r t s ;  the m e m b r a n e  is  p e r m e a b l e  
to the  p a r t i c l e s  of th i s  m e d i u m .  Le t  X 1 = ~ T / T  2 and J1 is  the  flow of hea t .  We wi l i  a s s u m e  tha t  the hea t  
flow th rough  the m e m b r a n e  i s  i n t e r r e l a t e d  with  the  f lows of m a t t e r .  If we know the p h e n o m e n o l o g i e a l  c o e f -  
f i c i e n t s ,  we can  c a l c u l a t e  >tii f r o m  the f o r m u l a  

[Lii I~ ' 

which  fo l lows f r o m  (37 and (1). We can  a l s o  f ind the  va lue  of ~ e x p e r i m e n t a l l y ,  on the b a s i s  of the d e t e r -  
m i n i n g  equa t ion  (37. 

S y s t e m  I is  o b t a i n e d  if,  i n s t e a d  of the  m e m b r a n e ,  we use a p l a t e  tha t  is  i m p e r m e a b l e  to m a t t e r .  In 
th is  c a s e ,  ~ I  = LII" As  is  weI1 known [2], Ll~ = ) t T 2 s / d .  Knowing •  and ;% we can  e a s i l y  choose  the  p la te  
d i m e n s i o n s  so  tha t  a t  the  t e s t  t e m p e r a t u r e  T we s a t i s f y  the  cond i t ion  ~ I I  = • On the b a s i s  of the  s t a t e m e n t  
which  we have  p r o v e d ,  we can  s t a t e  tha t  when i d e n t i c a l  f o r c e s  X~ a r e  a c t i v e ,  the hea t  flow th rough  the m e r e -  
b r a n e  i s  g r e a t e r  than  the flow of h e a t  t h rough  the pIa te .  Th i s  d i f f e r e n c e  is  b rough t  about  as  a c o n s e q u e n c e  
of the  fac t  tha t  c o - c u r r e n t  f lows a r e  s e t  up wi th in  the  m e m b r a n e ,  w h e r e a s  no such  f lows a r e  p r e s e n t  in the  
p l a t e .  

Le t  us now e x a m i n e  the s p e c i a l  c a s e  in which  the c o - c u r r e n t  f lows a r e  not  r e l a t e d  to each  o t h e r ,  i . e . ,  
the c a s e  in which  

L~ 1 = 0  (i, ] = 2 ,  3 . . . . .  n) when i ~ ] .  (9) 

Th i s  l i m i t a t i o n  i s  i m p o s e d  on t h e s e  s y s t e m s  in add i t i on  to the  cond i t ions  which  w e r e  i n d i c a t e d  in the f o r m u -  
l a t i on  of the g e n e r a l  t h e o r e m .  

Le t  t h e r e  be a c o m p l e t e  s e t  of c o - c u r r e n t  f lows J2II, J3II . . . .  , JnII  in the s e c o n d  s y s t e m ,  and l e t  
one of t h e s e  f lows ,  Jk  fo r  e x a m p l e ,  be m i s s i n g  f r o m  the f i r s t  s y s t e m .  More  a c c u r a t e l y ,  J i I  = J i I I ,  if  1 r i 

k and Jk I I  e J k I  = 0. We wi l l  then  aga in  s a t i s f y  the r e l a t i o n s h i p  

JllI> JII. 

Indeed ,  we can  e x a m i n e  the two s t a t e s  of the s e c o n d  s y s t e m ,  in one of which  we have  only  the f o r c e  
X1, whi le  in the  s e c o n d  s t a t e  the  f o r c e  X k i s  added  to the f i r s t ,  so  tha t  JkI I  = 0. As  a c o n s e q u e n c e  of (9) the 
add i t i on  of X k wi l l  change  the m a g n i t u d e s  of the  r e m a i n i n g  c o - c u r r e n t  f lows and,  c o n s e q u e n t l y ,  

J i i x  = J ixx  = J ix  (1 ~ i % k). 

H e r e  we can  a p p l y  the  P r i g o g i n e  t h e o r e m  with  r e s p e c t  to the  c o n s t a n t  f o r c e s  X i (i ~ k7 and to the  d i s a p p e a r -  
ing  flow Jk" We wi l l  e v e n t u a l l y  c o m e  to r e l a t i o n s h i p s  a n a l o g o u s  to  (67, (77, and (87, and c o n s i d e r i n g  (10), we 
wi l l  a c h i e v e  the r e q u i r e d  i n e q u a l i t y  J l I I >  J l I -  

Now, h o w e v e r ,  a s  fo l lows f r o m  (10), the  d i f f e r e n c e  be tween  J l I  and J l I I  i s  g o v e r n e d  e x c i u s i v e l y  by the 
f low Jk- Th i s  m e a n s  tha t  in th i s  c a s e  each  c o - c u r r e n t  flow is  g e n e r a t e d  i n d e p e n d e n t l y  of the  o t h e r s  and is  
o r i e n t e d  so  as  to i n t e n s i f y  the m a i n  flow J1. 
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In conclusion, we note that our resul ts  could have been obtained in another way, proceeding direct ly  
f rom the proper t ies  of the quadratic forms and the corresponding mat r ices .  However, this would have re -  
quired more  complex approaches and would have taken up considerably more  space. Haase used this meth-  
od to compare the coefficients of thermal  conductivity with and without the presence of mass  t r ans fe r  [2]. 
His relat ionship is der ived direct ly  f rom (4) and (5), if J1 in the la t ter  is understood to re fe r  to theheat  flow. 

~4ii and ~t I 

Lij  
T 
AT 

d an d  s 
2t 

N O T A T I O N  

are the values of ~r for the membrane  and the plate, respect ively;  

is the determinant  of the matr ix  of the phenomenological coefficient; 
is the average value of the tempera ture  for the two sides of the membrane or  the plate; 
is the t empera tu re  difference (small in comparison with T) between the two sides of the mem-  
brane or  of the plate; 
are the thickness and c ros s - sec t iona l  area of the plate; 
is the coefficient of thermal  conductivity for the plate at the tempera ture  T. 

i. 

2. 
3. 
4. 
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